Introduction
In particular they provide a strong affirmative resolution in dimensions 4 and 5 of the socalled lower bound conjecture for simplicial polytopes. For a discussion of this conjecture, which in dimension 4 goes back at least to a paper by Briiclmer in 1909, and some limited results in higher dimensions the reader is referred to Section 10.3 of Griinbaum's book on polytopes [2] . Theorem 3, which is concerned with triangulations of projective 3-space, also has an immediate implication for a special subclass of the centrally symmetric simplicial polytopes. This result is stated as Theorem 6. 
Moreover K is a triangulation o/ S a satis/ying /I(K)=4/o(K)-IO i/ and only i/KEg/a(0).

TH~.ORV.M 2. Let M be either the orientable 3-handle Ha+ =S 2 • S ~ or the nonorientable 3-handle H a _ obtained /rom S ~ • [0, 1] by an antipodal identification o~ S ~ • 0 and S 2 • 1.
There exists a triangulation K o~ M with/o vertices and/1 edges i~ and only i~/o >1 9 and
Moreover K is a triangulation o~ pa satisfying/I(K) =4f0(K ) +7 i~ and only i/ K can be obtained/rom K o by a sequence o~ central retriangulations o~ 3-simplices, where K o is the triangu-
lation o/pa with 11 vertices and 51 edges described in w 8. 
Moreover,/I(P)
=4
Further properties o/~(~).
In w 2 a brief review of the properties of triangulated manifolds is given, and it is shown how the Dehn-Sommerville equations for polytopes can be generalized so as to hold for arbitrary triangulated manifolds. The Dehn-Sommerville equations show that for any 3-or 4-manifold M the numbers/0(K) and/I(K) determine the remaining components of the vector/(K) as K ranges over the triangulations of M. Thus Theorems 1 through 3 will in fact characterize/(M) for the four cases S a, Ha+, Ha_, and pa.
A number of surgical operations on triangulated manifolds are employed in the proofs. One of these operations is of sufficient importance to be sketched here. Suppose K is a triangulation of a 3-manifold M, and suppose K contains the boundary complex of a 3-simplex a, but not a itself. Then it is intuitively plausible that K can be cut along Bd a, opened up, and patched with two 3-simplices to form a new complex K", and either K" is the disjoint union of two triangulated 3-manifolds or it is a triangulation of the 3-manifold obtained from M by removing an orientable or nonorientable handle. The details necessary to substantiate this intuitive picture are given in w 3.
In w 4 the cutting and patching operation of w 3 is extended to higher dimensions for a restricted class of complexes containing the classes ~d(n). The results of this section are required in the proof of the second part of Theorem 5. w 4 also introduces the notion of simple d-trees used in w 7 and w 9. The important inequality (1.1) noted above is derived in the first half of w 5. A trivial observation establishes
for a=2. Using this result it is then shown that (1.2) holds for x=42/13. Finally (1.2) is proved for a =4, which is just (1.1). The proof is sufficiently involved that special classes ~(a), ~ <4, of triangulated 3-manifolds are introduced. The derivation of the properties of the members of these classes is somewhat tedious and is deferred until w 10.
In the second half of w 5 it is shown that any triangulated 3-manifold K which minimizes/I(K) -4/0(K ) among all triangulations of [K I can be obtained from members of the class ~(4) and boundary complexes of 4-simplices by the reverse of the cutting and patching operation described above. The end result of w 11 is that K 0 is the only member K of ~ (4) such that/I(K) ~<dl0(K)+7. The lower bounds in Theorems 1 through 4, as well as the characterization of the triangulations which achieve them in Theorems 1 through 3, follow immediately. If only the lower bounds in Theorems 1 and 2, the characterization of the triangulations which achieve them, and a corresponding weaker version of the first part of Theorem 4 are desired, only the material in w 3, w 5, w 10, and a small partof w
In w 7 the interest in lower bounds for [I(K) given/0(K) is replaced by an interest in upper bounds. It is shown that every triangulable 3-manifold can be triangulated so that the closed star of some edge contains all the vertices and every pair of vertices is connected by an edge. This result is then used to prove the second part of Theorem 4.
In w 9 the results of w 7 are combined with explicit triangulations of S a, Hs+, Ha-, and variants of K 0 to demonstrate the existence of all triangulations required in Theorems 1 through 3.
Review of manifolds
The material in this section is intended primarily for the reader unfamiliar with certain more or less standard results on manifolds. Throughout this and subsequent sections, unless otherwise indicated, complex will mean an unoriented closed finite abstract simplicial complex. Generally, terminology and notation will follow [1] or [4] . (2.1)
These equations can be derived directly from the corresponding equations for polytopes given in Table 3 on page 425 of [2] by multiplying the constant terms by 1z(K), that is, by replacing the standard convention/_I(K) = 1 by/_I(K) = 89 That this is valid may be seen from Theorem 9.2.5 of [2] and the two paragraphs which follow it.
The Dehn-Sommerville equations for triangulated manifolds may also be obtained with somewhat less dependence on the properties of homology manifolds using results in an earlier but little-known paper [7] by Vaeearo. The following lemma is easily established. Actually the condition is necessary in any dimension for K' to be a pseudomanifold with connected links. Only the sufficiency in dimension 3 will be needed. This reasoning may be repeated up to the point that aCBd T~ but aEBd T~_~, 2Es<~t.
Surgery on 3-manifolds
~/d(n) and simple d.trees
Then a must be the interior d-simplex ~ of T~. The desired conclusion is immediate. 
Proof of the lower bounds
RI(~): If K' is any simplicial complex such that IK'I~ IK I, then either g4(K')>~g4(K)
or g~(K') >g~(K).
R2:
If K contains the boundary complex of a 3-simplex as a subcomplex, then K contains the 3-simplex as well.
R3:
K is not the boundary complex of a 4-simplex. Since the region pqr is bounded, the existence of K* is assured. Let S be the portion of the From an application of Lemma (5.2) with a= 1.9, fl =2, and 7 =42/13 it follows that either or there exists K* E R(1.9) such that g4211a(K*) < 10 -5.42/13 < 0. However, by Lemma (4) it is immediate that K does not satisfy R2, i.e., BdacK, aSK, for some 3-simplex o. Form K" from K by cutting at Bd a and patching with 3-simplices as in (3.2) . Consider first the case that K" is the disjoint union of two members K 1 and K~ of ~3. A count of vertices and edges altered in forming 
Suppose g" does not satisfy Rl(4), i.e., Ig" I ~ [g" I, g,(K") <ga(g"). Now it may not be possible to form a handle directly on K". But there do exist triangulations K 1 and K S of HS+ and H ~ _ respectively belonging to ~/~(1) with f(K1)= (10, 40) and f(K~) = (9, 36) (see w 9). By Lemma (3.1) the manifold sum K' of K" and one of the complexes K 1 or K2 will be a triangulation of IK ]. From g4(K") <g4(K") and g4(K1) =g~(K~) =0 it follows that g4(K')<g4(K), contradicting the assumption that K satisfies Rl(4). Thus g~(K") <g~(K) and K" satisfies Rl(4). Since K is obtained directly from K ~ by formation of a handle, the proof of the inductive proposition and the lemma is complete.
The following lemma is quoted from the end of w 11. 
Neighborly triangulations
In this section it will be shown that every 3-manifold admits a neighborly triangulation, that is, one in which every pair of vertices is connected by an edge. Additional observations in (7.3) will complete a proof of the second part of Theorem 4. (w a, w a, z, y) and the common face (w2, w3, z) and then adding (x, y, wa, z), (x, y, z, wa), (x, y, w3, wa) , and their common faces including (x, y). In K s let R 3 be the union of C1 (x, y) and the path from y to ut+ a in Lz, let S a =waR a U C1 (x, y, z) U C1 (y, z, ws), and let T a =was a.
Then T a is a simple 3-tree spanning the vertices of K s and S a is a simple 2-tree in Bd T a 
-4/o>J/x(K)-4/o(K).
The remaining points are realized by repeated central retriangulations of 3-simplices applied to these triangulations.
Definition of Po and K 0
Consider the following 22 points on the unit sphere S a in E4: 
Existence of triangulations
In this section the proofs of Theorems 1 through 3 will be completed by exhibiting triangulations with the required numbers of faces. The remainder of Theorem 1 follows from the observation that the boundary complex of a 4-simplex satisfies the hypotheses of (7.3) (or for that matter from the observation that all the indicated values of (/0,/~) can be realized by convex polytopes). 
(/,g,h,i,a') (b', g, h, i, a') (b', c', h, i, a') (b',c',d',i,a')
Of course Bd T 1 is a member of Ha(0), and it can be checked, using the characterization With a certain amount of labor it can be shown that K S is the unique member of 743 (1) with 9 vertices. Hence the condition (]0,/1) =~ (9, 36) in Theorem 2.
Next let S 2 be the simple 2-tree in K 2 defined by the following six 2-simplices:
It can be checked that aS 2 is a spanning simple 3-tree in Ka, and obviously its 3-simplices have the vertex a in common. Theorem 2 for B a _ follows directly from (7.3).
Again consider the complex K 1 E ~a (1) 1) of ~(a), (u, a, b, c)EK. Similarly (v, a, b, c) a, b, c), (u, a, b, c), and (v, a, b, c) to form a new complex K'. Since (a, b, c) 6 (4) 7 (5) 7 (4) 8a (6) 8a(41 8b151 8b141 9a(71 9a (4) 9b (6) 9b ( Proo/. Part (a) is a special case of (11.2). Suppose D~u is of type 9b(6) as in (b), and consider vertices w, x of D,u as indicated in Fig. 3-9b(6) . If w q W(u, v), then W(u, v) = {x}, contradicting (11.1). Thus w E W(u, v). Now w is also an interior vertex of D=v, it must have at least 4 neighbors in Duv, and by (10.6) at most one of these can be a boundary vertex. A count of vertices in D~v completes the proof of (b). Similar arguments show that both x and y in Fig. 3-9c(6) are in W(u, v) if D,u is of type 9c (6) . The proof of (c) is completed by verifying that it is impossible to construct a satisfactory diagram for D~v with at most 3 interior vertices, including x and y, which satisfies (10.1), (10.4), and (10.6). We have seen that the vertex x in Fig. 3-9c(6) is in W(u, v) if D,u is of type 9c (6) . Thus (v, x)EK, or equivalently v E W(u, x), i.e., the vertex labeled w' in Fig. 3-9c(5) is in W(u', v') (5) as in (e). By (11.1) either x or y in Fig. 4a is in W(u, v) ; say x is. By (10.6) Duv must be oriented as in Fig. 4b with x and: The value of (11.11), ignoring integer requirements, is (3n-41)/10, which is positive if n >/14. Hence suppose v(u)= n = 13. If the constraint m~ < 3 is added to (11.11), then the value of (11.11), again ignoring integer requirements, is 1/16. To complete the proof of part (f), m s =0, and the value of (11.11) subject to these constraints is {. On the other hand, if m~ =0 an argument similar to the one used in analyzing the case n = 13 above will show me~<4, and hence by (11.11), #(u) t> 89 This proves (c) for the ease n=12. contributes to msb. By part (a) of (10.7) s can only be a vertex of Lk (u, w~). By part (e) of (11.2), fEW (s, u) . But the fact that t is adjacent in D~u to three vertices of Lk (s, u)
leads to a violation of (10.6). In any case m s = 2 implies msb = 0 and hence ;u(u) = 89 If m s ~< 1 then (11.11) yields ;u(u) >/1 directly. This completes the proof of (c).
Finally, if v(u) =n = 10 then ;u(u) i> 88 follows from (11.2) and (11.8).
(11.12) Lv.~MA. I/ KE R+, then/~(K) >4 89 ).
Proo/. The inequality /I(K)~>4 89 follows easily from (11.9). Moreover, strict inequality holds unless every vertex of K has valence at most 9, and this is impossible by (10.7) part (a), (11.8) part (a), and (11.4). A comparison of (11.4) and (11.14) = (10, 10, 10, 10, 10, 10, 9, 9, 9, 9, 6) = (10, 1O, 10, 9 ..... 9) = (11, 9, ..., 9) = (10, 10, 9 ..... 9) (11.14) = (10, 9 ..... 9) = (10, 9, ..., 9).
will show that every vertex of valence 9 must be of 
